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The first application of New Quantum Statistics to Astrophysics was con- 
tained in a very suggestive paper by Fowler.^ This has been followed by the 
work of Frenkel,'^ Stoner,® and others. Recently Milne * has incorporated 
the Fermi-Dirac statistics in his new attack on the fundamental problem of 
Stellar Structure which was initiated by Eddington in his well-known researches 
about a decade ago. These new results discovered by' Milne are of great signi- 
ficance and wide application. 
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The purpose of this paper is to give a critical but brief discussion of the 
present position regarding the fundamental problem of the stellar structure 
Incidentally it also provides a necessary background for a previous paper 
in the Monthly Notices^ and for subsequent papers that are to follow the 

present one. 

The physicist’s point of view has been somewhat emphasized. Some new 
points and results which naturally arise in such a discussion are given in the 
paper in their proper place and could hardly be convenientlv summarized 

here. 

This study in part was undertaken while at Cambridge, and it is a 
pleasure to express my grateful thanks to Professor R. H. Fowler and Professor 
E. A, Milne (Oxford) for their kind interest and many valuable suggestions. 
To professor M. N. Saha I am as ever grateful for the kind and continued 
interest that he has taken in my work. 

§1 , When we observe a star, we see a mass of material radiating in 
space. Its state appears to be constant in time.* For any star, there are, in 
principle, three “observables ’’—its “luminosity” h (which is the energy 
radiated per second',** its mass M and its radius ri. Actually the radius has 
been determined directly, i.e., by measurement of the angular diameter and 
the parallax (which gives the distance of the star) in only a very few cases. 
But from a study of the stellar spectra, as interpreted by the theory of thermal 
ionization, the “effective temperature” Te has been determined for many 
stars;*** the effective temperature being related to the radius according 
to the well-known relation L=n:acri^Te% (a being the Stefan’s constant and 
its value is 7‘62 x 10 ' C- G. S. units). 

* Variable stars (Cepheids etc.) are excluded in the present discussion. 

** The luminosity is usually stated in terms of the “ absolute bolometric magnitude” 

which is connected with L by the well-known relation I/OgjQ h= - + 35 * 52 . 

(Lin ergs/second). 

***■ For some very bright stars the effective temperature has also been determined by 
measuring the energy in different parts of the spectrum. The star is assumed to radiate as a 
black body and is calculated by Planck’s law. The values for obtained by these and 
other methods are in good agreement (Russell, Dugan and Stewart, Astronomy, volume II, 
page 753). 
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The different stars vary very considerably in hiininosity among them- 
selves -- the range of variation being of the order of 10^.* The following table 
shows roughly the range of variation of the various physical quantities 
amongst different stars. 



Lurainos- Mass Radius : Effective 

: ity ; ! • temper- 

: 1 ! : ature 

L : M ; ri T. 

Mean 

density 

Energy 

radiated 

Order of 

^ 1 I 

1 10® I 10^ 1 10^ 1 10 


: 10" 

magnitude of 

: I ! iFrom 

, ‘ From 

s’ From 

the range of 

i i i i 3,000 to 

! to 


variation 

: ; i 30,000 

10® 

erg. /grm. 


i deg.) 

i ! ! I 

grm /c.c.) 

sec.i 


It is now well known from the researches of Eddington and those of 
others that there exist correlations between the three observables L, M, and 
Te. These correlations are perhaps best exhibited by plotting Log L, Log M, 
and Log Te in a three-dimensional figure. The representative points of 
the stars are not distributed at random, but are very markedly localized in 
definite regions. This is showm (idealized) in figure 1. Speaking very 
roughly : 


ii) The stars all lie in the diagonal plane ABCD (the white dwarfs are an 
exception; they possess for a given mass a much smaller luminosity than 
other stars of the same mass) ; and further, (ii) in this diagonal plane the stars 
generally lie scattered about the two diagonals. 

The correlation (f) between mass and luminosity was first formulated by 
Eddington, and is called the “mass-luminosity law the correlation (if) be- 
tween luminosity and effective temperature is due to Hertzsprung and Russell. 
This relation is shown more significantly when Log ri is plotted against 
Log L (see, Milne, Halley Lecture, 1933). 


* For Rigel ^ orionis— the brightest star known— L is 14,000 times that for the Sun, 
whereas for a-Proxima Centauri — which is probabl}" the faintest known star— Lis only 1/11,000 
that for the Sun; thus showing a range of variation of the order of 10*^ (Russell, Dugan and 
Stewart, Astronomy, volume II, page 635). 
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Fig. 1 


These are the two fundamental relations which theoretical astrophysics 
has to explain. 

The researches of Eddington, which on certain assumptions (the chief 
being that the star is entirely made of “ classical ” perfect gas) explained the 
'‘mass-luminosity-law” are now well known. The theory, however, was 
unable to offer any satisfying explanation of the “ Russell-diagram.” Milne, in 
his new attack on the problem of stellar structure, has obtained results which 
show^ the mass-luminosity law in a new light and afford at any rate a first clue 
towards the explanation of the broad features of the Russell-diagrani. ” 
However, for the sake of brevity (and perhaps also for clarity), we shall not 
follow here the line of historical development. 

Ideally, the fundamental problem of stellar structure could be formu- 
lated thus : 

For a given star of mass M (which is a spherically symmetrical aggregate 
G£ matter , calculate as to what will be (i) the luminosity (or luminosities) 
1^; and (h) the radius lor radii) n, making use of the following facts* known 
by observation : 

(i) The star is in mechanical equilibrium because its state remains 
constant in time (for millions of years or longer) 


* See in this connection Milne, M. N. 90, 18, 1929. 

It IS always understood that variable stars are excluded in the present discussion. 
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(i'ij its outer layers are easeous on tiie sense oi the cl.issicar' perfect 
,eas) as follows from the observed spectra; and 
(//'/) its outer layers are in 'radiative equilibrium,’' This is known 
from direct observation only in the case of the sun (from the 
observed variation of bri.qlitness over the solar disc), but it is 
plausible to assume it for all stars. 

Equafiom of the Problem. — We now enumerate the fundamental equations 
of tlie problem : — 

I , The equation of mechanical equilibrium is 


dp , dpr GMir- 

“3 ''"dr™ — ““ p 

dr dr r 


ID 


where pr is the radiation pressure (pr — laT'b, p the gas pressure, p the density 
and M -'r) the mass enclosed within radius r. G is the gravitation constant. 

Again we have'^ (2) 


2. The equations of heat flo7r and/^ heat equili hr iumV —The flow of heat 
is due to 


(/) radiation, 
(ih conduction, 
and Hii) convection. 


It is usual in the investigations of stellar structure to assume that the 
convective flow is negligible.*’^ Further, as shown by the author/ conductive 
flow is very small (when compared to radiative flow) in non-degenerate matter, 
but it is predominant when the degeneracy is intense. 

If Hr denotes the net outward flow (per unit area and time) due to 
radiation, then 


Hr = 


dT 

kp dr " dr 


(3^) 


where k is the radiative opacity and h the ‘Vadiational conductivity” 


6 Kp 


The heat flow due to conduction is 


Hc'-= 



X being the theriiial conductivity. 


"This may be called the equation of the “conserv-ation of mass.’’ 

^=*This assumption has no strict physical justification. Rosseland {M. W. 89, 49 , 192 . 
Zs, f. Astrophysik, 2SS, '1932) has often emphasized the importance of convection in stellar 
problems. However, the inclusion of convection would too much complicate the problem 
mathematically. 
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Combining these two we have 

H = Hr + H,- = - (/.r 


dT 

dr 


C _ dpr 

Kp dr 




= ) /,r +/-)/| aT" — 4 rp;^ 


Therefore, 


K P 


t«T'' 


Of 


r = — 

K P kP 


, / ~ ^ - 
and hence ^“- 14 . 

where is called the effective opacity:' 

The equation (3^^) is identical with (3^) except that the radiative opacity 

. is replaced by the effective opacity k'. In the sequel, we shall usually drop 
the dash ol k . 

If L (r)=4a:r^H,ie., L(r) is the net flux of heat crossing: the sphere of 
radius r in an outward direction, then from (3“) 

(3) 

dr 4jccr“ 

The equation of ‘Heat equilibrium’ is obviously 

^ (43tr“H) = 4a:r'p£. (4) 

dr dr 

where E is the heat liberated per second per gramme in the material situated 

at radius r. 

Little (or rather nothing) is known about the actual process of energy- 
generation that operates in the stellar interiors. The energy-generating process 
can be of various types. One may classify them as follows*: 

fa) The rate of energy-generation is independent of the physical state** 
of the material, i-e., is a function of only C, where C is a parameter depending on 
the atomic composition of the material : e = e (C). 

(&) The rate of energy-generation depends on C as well as the physical 
state** of the material, i.e., e = s (p, T ; C). 

ic) When the energy-generating process is in ^^temperature-equilibrium,” 
then the forward reaction leading to energy-evolution and the reverse reaction 
leading to energy-absorption will be both proceeding simultaneously (and in 
fact, if the system be an enclosed one— thermally insulated-— they both will 


*See in this connection Note I at the end of the paper. 

***‘This holds for the range of densities and temperatures that be under consideration ; for 
examplej the energy generation by radioactive disintegration which ordinarily is of type (a) would 
very probably be of type (J) or (cl for very high temperatures of the order of 10® degrees 

or higher. 
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proceed at exactly tiiesaiiie rate). For a process oi this type ‘hiie eiien^-y-^'eiicr- 
ation ori^'iiiates as an effect of the natural Vif the star by siirlace 

radiation to space ; this causes adjustments in the interior wliidi result in the 
liberation of energy by the slip’lit excess of the reversible reaction gTiin*^ on in 
the direction encouraged by cooling.”'* The formula for £ will involve 


dt 


besides the physical parameters and C: g = £ ''p, T, C. 


(IT 

If 


id) Grind la fu/ufil Cbniract-i on. — As the star contracts, gravitational poten- 
tial energy will be liberated for the star as a whole. However, tor a given 
element of the mass, we cannot in the general case (where the law of iiiteriial 
distribution of density is changing as the star contracts) even fix the sign of 
the work done by gravity. 


[For a perfect-gas star the energy evolved in any given element during 
homologous contraction under gravity is proportional to the temperature 
of that element.] 

{e) Nuclear ^-ray capture and re-emission. — Bolif' has recently drawm 
attention to the possibility of a far-reaching process involving a renunciation 
of the law of conservation of energy in a collision process, an electron 
could attach itself to a nucleus writli loss of its mechanical individuality, and 
subsequently be recreated as a p-ray (wdth the nucleus failing back to its 
initial state before the electron capture), we should find that the energy of 
this P-ray would generally differ from that of the original electron.” This 
would imply a renunciation of the very idea of energy conservation.* Thus 
under some suitable (but yet unknown) conditions it may be possible for 
an assembly of electrons and atomic nuclei to create energy (for an indefinite 
time).^ 

If the possibility of this process were definitely established,** it would 
have revolutionary consequences on the whole problem of stellar evolution. 

After this digression we revert again to the fundamental equations of the 
problem. To the above equations we add two more. A knowledge of the 
physics of matter at high temperatures and densities would give us 


*To quote again from Bohr : “At the present stage of the atomic theory, however, we 
may say that we have no argument, either empirical or theoretical, for upholding the energy- 
principle in the case of /5-ray disintegrations, and are even led to complications and difficulties 
in trying to do so.” 

**The recent great developments in the production of high voltages may also eventually 
lead to an investigation of the above process. An examination of the energy distribution of 
an intense beam of (artificially produced) ^-rays scattered by atomic nuclei wmuld reveal the 
presence of this process, if it occurred. 
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-I) the ^equation of state’ connectin^i f, p, and T, i e., p= /* fp, T ; C'\ 
'//) the equation expressin.^^- the 0 |>acity « in the terms of p, and Tj i.e.^ 
M— K »p5 T ; Cq 

avliere Q as before, is tlie parameter depend in on the atomic composition of 
the material. 

Thus, the fundamental equations of the problem are 


and in the general case 


^ dpr GM (r- 

+ — 2 P 

dr r 

d]h _ kUt) 
dr 

dWr) , , 

dr 

(i) 

(«:) 

iiii) 

dL{r) 2 

j~~ 4;tr P. 

Hr) 

P=/-(P,T;C) 

(.v) 

K = k(p, T ; C) 

{vi) 

.=s(.,T;f;c) 

{vii) 


The boundary conditions usual* in this problem are 


T->0 I radius of the star), 


and 


M(r)“^0 I 

LW-^o f 


as r -^0. 


It is of interest to note in this connection a very important theorem due to 
Vogt and RusselP which follows at once from (a mere inspection of) the above 
system of equations and boundary conditions. The theorem states that: Stars 
of fixed atomic composition and for which the process of energy-generation 
is of type (a) or (b) above, must exhibit not only an exact relation connecting 

^Millie has recently examined {Zs. f, Astrophysik, A, 75, 1932) the Schwarzschild bound- 
ary condition T-^IV |}4 Te asr-^ri ; and has obtained new and interesting results. However, 
we are not concerned with them here. 
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mass and luiiiinosity, but similar exact relations between mass and radius, 
radius mid effective temperature, an^.I anv other piilr of tlreir macroscopic 
I'woperties.* 

Now, in the Russell diagram connecting L and T,,, the stars— particiilarlv 
the giants and the are scattered so widely that there is obvious! v 

no hope of fitting all points on a simple curve as required l)y tlie above 
theorem. It may therefore be concluded, that either 

li) the stars actually differ in chemical composition —atoms of various 
kinds being present in different proportions, eitlier in the stars 
as a vchole or from part to part of them, 

or (if) the energy-generating process is not of type (//) or (/>), i.e., is not 
determined completely by />, T, and C, 

[or both ii) and {Pi) hold]. 

To a first approximation p and k depend on C in only so far as the atomic 
composition affects the mean molecular weight u (and generally under the 
conditions in the stellar interior ii is markedly sensitive only to the relative 
proportion of hydrogen, the proportion of other elements not affecting it very 
seriously). As regards s, vje can say nothing as to how it will depend on 
C. Further, as remarked before, e will in general depend not only on p, T, 

and C, but also on ^ (i.e., the specification of 8 will not be complete unless 

we are also given the initial distribution of temperature inside the star— say 
at time fo)- Thus at the present stage it does not seem possible to specify the 
law of stellar energy-generation. In fact, progress in this direction is depen- 
dent not only on the advance in nuclear physics, but also primarily on our 
acquiring some definite knowdedge regarding the order of temperatures and 
densities in the stellar interiors^V''?'- for only then is it possible to decide as to 
the type of the energ^^-generating process*'?-** operative in the stellar interiors. 
If this process be of type ic) or id), then it {essenh (illy) he a problem for 
astrophysics alone to solve. 

Because of these considerations, it seems necessary to reformulate 
the fundamental problem (mentioned at the beginning of this section) in 
such a way that its solution does not depend on any theory of energy- 

*Tlie assumption of fixed composition (i.e., C fixed) and tlie limitation of the t3pe of the 
energj-generating process to {a) or {b) means thatp, k and £ are definite functions of p and T and 
<lo not involve any other arbitrary^ parameters. 

'■•*The current theories of stellar structure give widely different results. 

^**The different types of possible processes are mentioned above, 

F. 2 
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generation. Tiien, by comparing- the solutions so obtained with the observed 
properties of stars, it would finally be possible to gain an “ insight ” regarding 
the mechanism of energy-generation. 

gc. Following Milne, the problem is stated thus : 

A star is observed to possess mass M and luminosity 1^; what are the 
possible steady-state configurations of spherically-symmetrical aggregates of 
matter possessing this mass M and luminosity L, ? 

“To solve this problem we require a knowledge of the different phases 
which matter at a high temperature is capable of assuming. These phases 
include the “classical” perfect-gas and the degenerate-gas, both of them 
in the form either predominantly non-relativistic or predominantly relativistic; 
there may be, and probably are, other phases which are not yet 
known to us. Tiie solution to the problem consists in enumerating in turn 
all the one-phase systems, the two-phase systems, the three-phase systems, 
and so on, consistent with the specification (T, M.'. L and M are selector 
variable.s, defining the configurations under discussion. When the enu-mer- 
ation has been completed as far as our present knowledge of different 
phases permits, comparison of the radius of the observed star (L,, M) 
with the radii of the constructed configurations IL, M) will enable the state 
of the star to be diagnosed. If our knowledge of the different possible 
phases is complete, the constructed configurations must include amongst 
their number the actual configuration of the observed star (L,, M).” (Milne, 
M. N., 92 , 612, 1932.) 

The above programme requires no knowledge of the process of energy- 
generation. 

So far, this programme has been carried out under some rather strin- 
gent simplifying assumptions for only one-phase gaseous configurations 
(Eddington) and two-phase configurations with gaseous envelope and (non- 
relativistic) degenerate core. ^ We now proceed to a brief consideration of 
these investigations. 


Equatums of the Problem . — 


(^ 4 - {r) 

dr dr r^ ^ ■■■ 


*The problem, therefore, can no longer be to calculate L 
but to treat L, M, as independent variables and calculate 
given L, M. 


for a star of given M, 
all possible radii for 







fir 4n:cr“ ^ 


The boundary conditions are 

p U, T -^0 as r ri 5 The radius of the star'^ 

and M (r) -^0 as r 0. 

These equations have been already mentioned ’previously. From and 
(6), we have 


j . _ K L I 

fir r“ ^ i ^ -iTicCr i\i (r) | 


Assuming that 

a I K is constant, though not necessarily the same constant in eadi 
phase, 

and Hi) L {r}/M (r) is constant = L/i\l, 


dp 

dr 


GUir) 

_ - pp 


where 




kL 




These two assumptions are made fur mathematical siiii pH fi cation.* 
Their usefulness resides in the circumstance that possible configurations can 
then be very largely worked out in full and that these may be used to yield 
insight into the nature of configurations for other laws of opacit^^ and other 
(energy* generating) source-distributions. The “standard-model’' is intended 
not to represent the stars in Nature, but to throw light on their structure.** 

In the gaseous envelope 


P = 




P-Wh 


PT, 


K = Ki ; 


1*^1 = 1 


KlI^ . 

4a:eG^l 


19 ) 


* Under these conditions, the three equations ( 5 k (bi and ( 7 1 reduce to a single second 
order differential equation — the Bmden equation. 

** A star is said to be built on the “standard-model" when the ’aboA^e two conditions 
(i.a, L(r)/M(r) = L/M ; k = constant for each phase) are satisfied. 
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riiv-i it! the ino:i-rcl;-itivistic') dea-enerate phase 

Kp"'\ . p 

P= -~^f,K = KO, 1J2-I 4^cGM 

IX 


( 10 ) 


w'nere 


^ \5m { sxinuj- 


m vrmmx inhgnli^ -By division of (5) and (6) we have 


dp _ dp __ 4jtgG M 
flpT kL 

111 any interval in which k is constant, this integrates in the form 

„=t,.T< {is^y_,|+i, (,,) 

\vhere D is constant in the interval. D changes discontinuously from one 
constant value to another when k changes. 

Let Di be the value of D in the classical ” gas phase and D 2 its value in 
the degenerate phase Using the boundary conditions 

p-->0, T-^O as r-^ri, 


we find that Di =0 and 


,= J 1 -Pi 


I' 


sa 


-Pil^ 

Pi J 


AiP 


(L 


where Ai is a constant. 

Thus in the gaseous as well as the degenerate phase, p is connected 
with p by a relation of the form 


p-A^ 


( 13 ) 


where A and y are constants (different for each phase). 
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Rpibicfi<yn to F.mftenK Kqiialinn . — From iS). ('•<) and (1 ’o '.ve obtair, 


A d (r- dp'' \ 

P dr \ ~i di- ' = 


Further, on substituting p=am'* where 1 is arbitrarv, we have 


114) 


firj \ 


Choosing n such that 


n—ny — 1 i e. «= , or 7= I + 

y— I * 


1 


-1 


we have 


hi + 1 )Aa d j 2 

dr[^ dr 




Substituting 


[ (n+D A]2 

^ i4,-tGpX‘' t/ 


( 15 ) 


we obtain the standard form 


1 d ( -po d'sf \ 

V rfiv 1 


+ y"^() 


(16) 


in is called the index of the Emden’s equation). 
Further from (8) 


M(r)= _ 



dp 

dr 


‘i-n 

r 

2k5 L 


(m + DA 

Gp 


2 


dt[ 

'dl 


( 17 ) 
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By suhstitiitins^ the proper values for A and y = 1+ we at once obtain 
for the gnsfms phase, 






(18) 


P = Ai^' 


(19) 


J r (A:/p/«n)^ 

i” I ' 

/-l'^ L ACf 


■ 16 ' 


l-zh ' 
i3i ‘ J (aG) - 


1 -Pi l5a2 do 

f5,^J rfl 


( 20 ) 


(21) 


where Ai is so far undetermined. 


ft follows that, that solution of (18) is required for which putting 
M(r1= M in (21 ), at we must have 



where 


C- 


16 (A:/Wh)‘ 

nia G='M-’ 


1 ~Pi 


( 22 ) 


and |i is arbitrary. The solution to be selected in the gas-zone thus depends 
solely on the physical properties in the gas-zone. If f H) is a solution of (18) 
vanishing at |=lo and satisfying tO:. =C'\ then 

0= A f (Ai) 


is the solution required where Aii =io. 
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For tlie degenerate, phase, we have 



where /.a is so far undetermineii. 

Before proceeding' further, we ina-v- just note certain well-known properties 
of Emden’s equation. 

Proportian of Kmdms Kquati on* = be a solution of Emden’s 
equation of index w, vanishinq- at ; = ?„• ThenS=H, is the corresponding 
zero of the associated solution 


= /'(A 5 ), ifAii=;o. (27) 

?3 -f 1 

de 1 (28) 


The value of 


_■£: n 


1 


for any assigned member A of the family 6= A"' ’ fiAl) is independent of the 
choice of A, for it is equal to 


n 1 

nio) 


( 29 ) 


These are here reproduced from Milne ^ loc, cit- pnge 61 
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This is therefore- a cliaracteristic of the family, and its value may be 
taken to be the second tirbitrary constant in the general solution. Denotin.sf 
this constant by Ujj, the general .solution n'ia 3 ' be written 


2 

B = ^ / (A§; cOyj ) (30) 

The value of (% identifies the honiolo.^'oiis family under consideration. 

It is known from the researches of Fowler and others that corresponding- 
to an assigned zero i=ii of for ?>0 there exists a critical of co^ such 

that : 

for o,)„ = ^(5) finite limit as | -> 0 and has no zeros 

in 0< i < ii ; 

for ( 1 )^ <0}n^ B (I) as 1 0 and remains positive in 0^1 <1^; 

for co^ ^ (I) rises to a maximum as ^ decreases from | = and 

0(1) then decreases to a zero lying in (0, ). 

There exists likewise a monotonic sequence of critical values con^ 

(t*) 

. . . .m/ .... such that for o)„ = ( 0 „ ^ 6>(s)"^a finite limit as 5*^0 and 6>(i) has 
r zeros in 0< ^ < 1 1 . 

When ( 0 ^ = let Oq be the positive value to which 0 tends as for 

any assigned value of A. 

2 

Then we have (O; (^n") Ol) 


whence 


=lo"‘’/(0; O 


( 32 ) 


Thus li" ^ ^0 is the same for all members A of the homologou.s family 
“n We shall denote it by 0„,_ We just note that^” 
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(jj/'^= -£,/ f r£n;oj‘*,;i =2*0161; o/'|= — i|r/' ‘ ( 11 ©: 

G:; = io/*Oj; 0),/') = 6*8969; o|=r|A^4 lO; Oi'^g} — 1 78’23 

FoIlowin.({ the terminoloi^y ot Milne, a solution ' /“ {Ag ; f% oi 


Eiiiden’s equation of index ■/?>,” will be said to be of 
'‘Collapsed'' type if 
Emden’' type if 
and Centrally Condensed '' type if 

^ 53 . One-Fkase Gaseouis Con/iguraiiofis,-— As in this case we are assn ra 111^' 
the perfect gas phase to extend up to the centre of the star, the required 
solution of Emden’s equation (index 3) mast possess no singularity at the centre^ 
The only such solution is the Emden solution (oi;- =( 03 '^). 

Therefore, from equation {22} we obtain 

~ 16 (A- U//q| / ( \ — i'ii : 


(co 


.•,-> = ( ' ) = 

\ 2'OISI / 


;iiaG aPfn * 


(33) 


Hence, 


•|3i = 7‘S2 10-‘" Pi‘ !i‘M- 
/ M r 


1-lix =0-050 

where © — mass of the sun. 

Again we have 1 (ii ^ 

Taking in accordance with Kramer’s law), 


(34)"'’' 


p 

^ 

7 

S' 


Tc 

Where ai is a constant and Pc, Tc are the central density and central 
temperature respectively, w^e have 


l-jl 


. ai Pc _E 

^ T^ 4a:eGM 


'' This is Eddington’s famous quartic equation. 

F. 3 
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Fiirtlier troni ij i) we at once have 

pi! __ _ __Sli 1-^ 

:i (iTt:" ^ "^1^1 


and therefore 


T 4.t:cGM tl -l^i; ® 

-L — ' 7 > 7 

15x" (i" 


(35 j 


From UMj and i20) and using- the definition of 03 we find after a little 
reduction that 




ri 


■' (iiGi^ L 


(A:/iioth)‘ I-lii I 2 


F 

Ha 


p 


-Pi I 2 

4 

1 J 


(36) 


Substituting this value of Pc in (351 and eliminating M by using (33), we have 


L= 16 a* (Oa'^Oa' 


(A;/TOjj)2 


1 


(it a)^ O'* 

As from (34) (3 1 is a function of AI(x-, we can express (37) in the form - 


(I-Pi )~ 

I .1 (aiVi )4 


(37)* 


ri - 


constant ^ 2 , 


(38j 


For any prescribed (L, M) the uniqueness of the predicted radius is in 
conflict with the “ Russel l-diagramd’ 

Further, when the theoretical value of ai is substituted in the formula 
and on the assumption that the stars do not contain a large proportion of hydro- 
gen, the calculated value of ri comes out about a hundred times larger than 
the observed radius Vi for any observed pair (M, L) selected from amongst the 
'' ordinary ” stars (i.e., not white dwarf stars) However, on the hypothesis of 
''hydrogen-abundance” these dififlculties can be removed^'. We shall not 
enter into this explanation here, but proceed to the two-phase configurations**. 

§4 Tivo-phase Gonfigiirations . — We now consider the two-phase configura- 
tions of the generalised standard model” consisting of a gaseous envelope 
and (non-relativisticj degenerate core. 

"This is easil}' transformed in the more usual form, M = constant - i75 JLog 0 ~ 

- 3*5 log]J.I/© -2 log ^-logT^^ The effect of the last term is comparatively small so long as the 
effective temperature lies between about 3,000® to 25,000 degrees. This equation thus represents 
approximately (but not fej:a!c%) a relation between Mass and Luminosity. This is Eddington’s 
“ Mass-Luminosity law/’ 

According to Stromgren different types of stars imply varying amounts of hydrogen, 
so that the “ hydrogen -abundance” is simply an empirical parameter which can be adjusted to 
tit with certain feature of the Russelbdiagram. 
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Equaiions of Fit. — Though the actual transition from the fierfect gas 
envelope to the degenerate central rei^ioii must occupy a certain zone, we 
may for convenience take the two regions to be separated by a definite surface 
of demarcation. 

We shall now obtain the equations that define the position of this 
interface. 

hi the following derivation, however, ^re do not re,^trief io this porHeMlar 
rase (f}f gaseous envelope and non-relafi rfsHc degenerate eenfra! regam) imt rdilahi 
the ‘‘ eqa/iNons of fit ” in their most gmrrat form. 

Let the interface occur at r=r . 

Outside r = r let the distribution of density be given by a solution of 
Eniden’s equation of index ni^ and inside r=r let it be given by a solution of 
Enideii’s equation of index The fit of the ‘‘ -wi-distribiition on to the 
Ws'distribution ” must be made in such a way that the mass missing from 
the incomplete Wi-distribution ” must be actually found in the incomplete 
‘fw2-distribution’b 

Approaching the interface from the -phase we have by (15), (14) 

(15) and (17) 




^ ni 4 -1) A 1 yi 
^(^1 wiJ 


2n\ 


M(r') 


= I Gp, J ^ I rfl h=l^ 


Pi'=x,[w?)Fi 

V) 


(3^1 


',4(" 


(41) 


(42) 


where p/ is the density at the interface (it being approached from the “wi 
phase”). 

Approaching the interface from the ‘‘■W2 — phase” -we have similarly 

r (wa + GAg 1 i 
L 43tGp2X..''.T: .1 


(43) 


M (,-4=k- 


^”•2 8 

r fa2~h 1 ) A 2 2 1 d\^ ^ 

L GPa V rfi) h = 


(44) 



ICOTHAUl 


I4S 


: i>. 

p’ , = 

J 


14 s 1 


(4 6 


be n solution of E.n.len’s equation (index vanishing 

_ . ^^7^((\::)isnnassociateflsolutionbavingitszeroatc;i-?o/A. 

£ = i:o- then A 

Writina a: =... '.ve obtain after some re.h.cnon 

W ! - 1 

(471 


r=Pi L 4xG13i J 

‘i- Wi 

» Pi r 1^ 

L J 


I "I f (») 

3 “ w I 

A«)] ^ 2 


( 48 ) 


Similarly iff h,l b= » “’’’ ''' 

, 'I‘ (BiOis an associated solution having its zero 

"writinB = t.e have correspondins to (47) and 148) 


1 - n 1 

.»‘'=D r ^^2 ^ ^ 1 ^ ] 

L 4 J 1 GP 2 -i 


(49) 


U irl 


__P 2 


3“ Wrv 
2mp 


7)2 4>' ih) 


1 

2%^ 


(50) 


r (^2"!' — 

L Gp, J tia 

['i ifc' 1 

The conditions of fit are that the values of M (r) and r' given by (47), (48) 
and (49), (50) shall be equal. Equating the values (and noting that the pressure 
must be equal on both sides of the interface) we have 

( 51 ) 


Lf 

A'rpx J 


Is " f 


) _ _1 r TCa + l 1j 

( i- ni L P 2 J 

[Aa) ] ^ 


I 4^ ih) 

[4>m 2 

W 2 - 1 


n,-l r -,1 

By combining these two equations, they may be thrown in the “canonical 
form” 

«i + ' a fia) _ W2 + 1 b 4>'>^b) 

P'lpi f(.a) P2'p2 HW 


( 53 ) 
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Pi f Oi) P-2 ih} 


These are the equations of fit” in their most general ioim^* 

For the case of the gaseous envelope (wi =3.' and ^non-relativi? 
rate interior (//^ =§) the al>ove ef 4 uations reduce to 


;ic ■ ^ieo'e^e■ 


Pif ho P 2 'W 


= i * Sfd 

f(ffi I 1 \ s 1-12 ^ '■ 

Further we may note that 

a __ Thickness of gaseous envelope^ . - « 

^ Radius of configuration 

Now from ( 1 5), after some algebra, we have for the total rridiii: of the 
configuration 

_ [ ^ \ ^ ^ ] ^ 1 

(jtGF f(i p! 

This transforms by using (55) and t56) and aftrr some reduction into, 


l[ tJ o ' 
L ^rf 


/ „i5o' // (/,) 


5K/|X^ bo [ /,i> ffV (/h 1 (59) 

2r7"GM^p. i 

In the sequel we shall assun:e the density to be continuous at the 

interface (pi' = P 2 ')-** ^ , 

If p' and T' denote the interGcial values of p and T, tlien 

/jL^ = iL s (60) 

[r w?H yjf ^ 

Approaching the interface from the classical gas phase we have from (,12) 

kT _ 1-pily-j (61) 

Pi J 

Approaching it from the degenerate gas phase, we have from (11) 

Kp'^ 1 ris'i p2 4.pj^ (62) 

=3 i * ' -t- iJ2 

I 1~*P2 

* As before, the pressure of degenerate gas is equal to 

f fit" fnr this case of p,' = P;'. They are given here 
** Milne has given the “equations of fit 

without this limitation. 
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Tiin?^ we obtain from OvO, 61 ■ and (62) 

T = %5J j Lrf’. 


,J„5K 1 3. 


p = i."-r?wr -”5 — u. 


' ^r/K- pi ‘ 

, s « ^ (O^i) 

Ol/r^K* Pi^^d-p-,) 

The pkysieai properf'ies for the iiro phase con fi gyrations. 

Tlie solution f(|, coh) to be selected in the envelope depends solely on the 

ol)servables L, M and aci as 

_ r ~'^= j_3Pi 

Pi^ 

ami the solution (iijCos) must be the Plm den -solution (cos — co^a), because the 

non-relativistic f^egenerate phase is assumed to extend fin the physical sense) 
up to the centre. 

From the equations already given, the forrnulje for the various physical 
quantities - for example, the radius of the configuration, mean density, central 
temperature etc. — can be readily obtained. These can be expressed in terms of 
invariant form, aHo, VtIo, af(.^\ hH(.b)-a^f'{a\- h^<l' (h), so as to be independent 
of the “normalisation ” to the zeros lo, hn- The values of o. and b are found by 
solving the two equations of fit. 

As an illustration we derive the formula for the central temperature Tr. 
From (62) and (65) 


5 /y / SO 5 

K- = i,,Tr, _ll_ , d- pi)VP i-p,) 

'1-1^2 K'* Pibl-Pa) 

Now P. =X, [^(o)]2 =h, B" [<(. (o, fo«a) ] 2 

p' = ^2T'' fijl< (/;, co®3)]5 

Therefore 

^ ho' <t‘ >bp 
vSubstituting from (64) for p 

^ i-pi JjiYT . 

srtK’ Pi 

Therefore 

= tf p^_R ■ 


Therefore 


ho' ■?’ (&)]^ 


(s a)^ K h 


P 2 / l'n(i*4>(b)l PiU-p 
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Owiia^ to the existence of the equations of fit, transit >riTUiti(jas of this 
iormula are possible. It may thus be thrown in the form 


T. = 




aa 


t-TB 


G M- 


i Gs t>: 
2 


^ / Oo '/ Oo ' 




did 


' .'Pi-NV 
p 2 J 


I7J) 


Tile foriiiuk-e for the other physical quantities are "iveii in ?vlilnehs paper 
and are also tabulated in my paper"', where their applications are considered. 

The solutions of the equations of fit (for the two-phase configurations) 
will give a and h as functions of pi /'pi; and (where oj-; depends only on i\l 
and pi). From equation (57 j we have 


Radius of degenerate core a 

— 7 -- ^ - :=p (Oi;:, pi, pi ;> 

Radius of configuration 

= F Ipi, pi/p., M). ( 75 ' 

where F>Pi/p 2 , W;,:) is known when the equations of fit have been solved. i\Iilne 
has obtained by graphical methods the solutions of the equations of fit for a 
few values of C 0;5 and has constructed curves for a/lo? plotted against pidi^ for 
constant (O;.}. These are shown in figure 2 reproduced from Milne’s paper. 


Since 


1 — K X jy/4 Jt c G M ____ |3i 

1 — K2 £//'4jC C GM 1 K1/K2 (1 pi) 


(74) 


can be expressed as F (pi/ps, M, ki/k..^ Thus corresponding to any 

§ 0 

point ((ii/li., cds) in the figure, it is possible to find M for any given value of 
ki/k 2. By joining up points of constant mass, we can describe on the diagram 
curves of constant mass M, for any given ki/k 2, and so exhibit all the possible 
two-phase configurations of a given mass M. In order to gain any insight into 
these results for any value of ki/k 2, Milne has examined in detail the limit- 
ing case of zero opacity in the core {k^/ki ~o). And that this case has 
physical justification is easily seen as follows 

Approximation for K 2^1 . As an approximation, we shall take ki the 
opacity in the envelope to be equal to the non-degenerate value at the 
interface, i e., according to Kramer’s law we take“. 

I 

ki=4'23 10“" IX 

i /JV 5 

In the degenerate core, the heat flow would be predominantly by conduc- 
tion^ and so we shall take for k 2 the value of the effective O'pdcity (and not the 
pure radiative opacity) at the centre. 
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Xow,:iS has been shown by the author,^ the effective opacity is ^ivc 

Effective opacity ) Radi ative o pacity k 2 x Radi atio nal c ondu ctivity / 4 >’\ 
at centre / Thermal conductivitv /v . / 


Therefore, 


K 2 _ K 2 centr e) j In | 

Ki Ki (interface)\ k j centre 


7 p-, and therefore k 2 (interface) >k 2 (centre) and hence 


k 2 ffnte rface) [ kn^ 
Ki (interface) [ k 


Substitutiii! 4 ‘ the values for k^/ki and kn/k as yiven by equations (6' and 
IS) of my previous paper'', we have 


Kx A 0 


6*97 3*88 X 10-“ « Tdi 


where A, is the value of the Sommerfeld degeneracy-discriminant at the centre, 
and Aa its value at the interface The values of Ii for different densities can 
be calculated from the formula given in the paper referred to and are tabulated 
therein. 

At the interface the pressure given by the degenerate and the non- 
degenerate iormuke are equal, 


This gives by putting 


limn 

^ 

15m. 


the value of Ao = 2*97 at the interface. 


Therefore 


^ ^ 9*1 X ii 

K. ^ Ac' 


and hence when the dey;eneracy at the centre is intense, i.e., Ac > > 1, we can take 


^ It may particularly be note.l that this result essentially depends on our taking into 
account the conductive flow, i.e, on our using the “effective opacity”, in.stead of the 

'* radiative opacity.” 

As we are using non-relativistic statistics, the above formula is applicable as long as the 
relativistic effect is negligible and this is so provided T<< ; substituting this value 

Ac" 

WT - / 3'30x1on, 

for Tc , r .;/ki << J— L • 
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ProperPies of Mass Par res for P — 

We have in this case reduced top.. Some typical mass-curves 

are shown in the diagram. As we have already mentioned, a reasonable value 
for Ki is the value of the non-degenerate interfacial opacity. This gives 

Ki = 10*1 (MjLP 

and l~Pi = 4*01 10“" (L M)? 

The horizontal scale of pi may thus be regarded as a scale of ^X/M)7 in 
the negative direction. The point E corresponds to hjM^O and tlie configura- 
tions for the largest possible value of L|M occur in the region near the left- 
hand edge of the diagram. 

Two types of mass-curves are seen in the figure. The mass-curve which 
separates the two types passes through the point A ^pi ci),> it is the 

curve M = Mo where 


0 ) 3 ^ = 2*018 = 




M.=2'S80(^)‘ 


-4 


Pi=t 


(80) 

(81) 


From ail inspection of the diagram it follows that : — 

('?*) For M ^Mo, all configurations which exist are of collapsed type 
(o) 3 >co 3 ®) and necessarily lies between pi^, and uniUy w^here s<Pi^<lj pi® 
being a function of M given by 


0)3 


0 


16 klmw^ 
n:(|a)9GA\F^ 




(82) 


(u) For M>Mo, the configurations which exist are either collapsed 
(Pi>Pi®) or centrally condensed. 

These two-phase configurations constructed by Milne, possess many 
striking properties. Consider a typical mass curve such as for M = 20©. For 
this curve, any ordinate not too far to the left of S'T' (T'is vertically belowX') 
meets the mass-curve in two points S, T. Thus for any assigned value of L/ M 
exceeding that corresponding to the point T' (but not much exceeding it) and 
for the assigned mass M, there are two distinct configurations possible, of two 
different relctive core radii and accordingly two different external radii. Milne 
has suggested this phenomenon to be the counterpart of the existence in 
Nature of the tW'O distinct giant M and B, O stars for large L/M. We thus 
at least gain some insight as to some features of the Russell-diagram ’b We 
shall, however, not enter here into these and other details, but shall merely 
note the explanation of the ‘mass luminosity law ’ as given by Milne. 



0 



Pkj. 2--^'Cnrres of relative core-radins plotted against Pi /(32 for constant CO 3 . 

Also curves of al%o against for constant mass M irhen ^ 2 *^ 0 , (32~1* 
TM locus (jd;^ = <jis^ divides ^'‘centrally-condensed'^'' configurations from 
''‘collapsed’' con figurations^ and itself gives the quasi-diffuse configurations. 
The circles indicate quali tati rely the external radii of the configuration ; 
they are not draum on a uniform radUis-scale. Open circles denote 
"centrally-condensed^'' configurations ^shaded circles "collapsed'' configura- 
tions. Points such as W, represent configurations probably possessing 
Cepheid characteristics'''' [From. Milne^ 31. N. 92y 630, 1932]. 

We see from the fig'ure that for M>Mo, centrally-condensed portions of 
the mass-curves depart only slightly from the vertical. It follows that L 
must lie between narrow limits, depending on M, for a centrally-condensed 
configuration to be possible, “if L lies above these limits, no configuration 
exists, and the system would either burst or cease to be a two- phase 
system. If h lies below them, the system is collapsed with a 
large relative core-radius. We thus see that for M>Mo, the configurations 
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wiiicli are centrally-condensed will exhibit an apprnxb-nite. I'liit not exact 
mass luminosity correlation. 

When the lower parts of tlie mass-curves are also nearly verticah 

so the smaller-cored collapsed cond^t^urations will .ilso exhibit an approximate 
iiiass-IuiTii!iosit3v" correlation. Since the luminosity is in eacli case piven 
approximately by 


K1 

it follows that the conSj^-urations in question, both for hI.>hfo, and for 
will all obey the same mass-luminosity correlation. Thus the cond^i^iirations 
we have held to resemble the B, 0-stars, the ^iant red stars, and the main 
sequence of stars of nature all obey the same approximate mass-luminosity 
correlation. The config’urations we have held to resemble the nuclei of 
planetary nebulae and the white-dwarfs will depart from this correlation in 
the sense of possessing* arbitrarily smaller luminosities for given mass"' 
Milne, loc. cit., page 633. 

A study of the physical properties, such as central temperature, etc., 
of the two-phase configurations with particular reference to white-dwarf 
stars has been made in the authors paper^ already referred to. 

As yet no systematic investigation of configurations with other- phase 
combinations have been made. 

In the paper to follow, we shall consider non-relativistic degenerate and 
relativistic degenerate phase combinations. 


Note I. A simple physical illustration of the three types of energy- 
generating processes discussed in the text:— 

Consider a metallic bar of unit cross-section. Suppose it to be thermally 
insulated all round except at its two ends. Let one end be kept at 0® and the 
other end be enclosed in a thermally insulated chamber B. 



Fig. 3 
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FHYHICb: D, 


KOTHAPJ, 


■A-t- (ii) 
dr 


Case (fl|. Let a unit mass of the energy-generating material be introduced 
ill B h’nr a radioactive element;. Then in steady-state, the heat flow 

H 'will hill H — 8. (i), ^ 

and lliertUore Tb the temperature ot the end B) is sZ/A, ^ being the length of 

the bar. 

Case Suppose that s-aT^ 

J For example, the energy source maybe a resistance coil connected to 
constant voltage supply- The resistance and hence the heat generated will 
be a function of the temperature of the coil). 

Ill stead v-state 

H = r/T* 


and hence 


and 


H = -A 


Tb = 


dr 

A 


(i) 

Hi) 


H = a 


a I (s— 1) 

^ 

a Z (s — ■ 


1 

s-1 


1 

s-1 


Case (c). Introduce in B a reversibly reacting mixture in equilibrium 
i A + AB+ X calories [ . In this case we shall have no equation corres- 
ponding to (i) in the above two cases and hence H and Tb cannot be determined 
from steady-state considerations alone. 
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ON THE ABSUEETIUN WPECTRA OF .SoAlE SIMPLE SALTS (JF THE 
TRANSITION ELEMENTS. 

(Oi'STHIBUTloN Tu THIO XHHoKV Ml' THE C< >-< •UIH.VATE 1 IXKlia;, V' ) 

By S. Mlmtai!a Kak'i.m ank R. Sami i;i.. 

Received December 19, 19.-13. 

The question of the colour (►f Iii<.>rgaiiie salts of the transit eleiueiits has 
occupied the attention of many workers since a long time. In the iiUAre recent 
times Ct. Joos- has observed that these salts in solution have the same cNdoiir as 
that of their crystals. In general he conclude<l that the eulour is diit^ to acp a 
complexes formed by the water of crystallisation. He bcdieved that the colour 
could not be due to the free metal ion because, he tliought, tiiat the terui dittVr- 
ences which were not very well known then, for th(‘ resonance lines of these 
would be very great on account of the high degree of ionisation, and therefori* 
the absorption due to the Cati<.)ns sliould be in the ultra-violet l)ut not in the 
visible. Later White"' gave a classihcation of the terms of Or ^ ion. Bahahheii 
o1}served that some of the maxima in tlie violet and the green solutions <jf CrOb, 
were really in excellent agreement with the tw<j deepest term diiferences of the 
Or’ ion as given by White. About the same time S. Kato' when taking pndi- 
minaiT absorption measurements came to the same conclusion. In the mean tijiie 
H. Sauer‘S has shown that some complex Oiircjiuium compounds in the forms <jf 
alums at low temperatures (between -SO'^O and -l^so O) show liiie absorption at 
about 6700;. which he ascribes to the complex [Oh- absorption 
shifts to longer wave lengths with increasing temperatures. Joi>s and behnetz- 
ler have also found line absorption in the red region of the spectrum in a great 
number of Chromium complex salts at low tem]_)eratures. Eeceiitly D. Bose 

lo7 
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min liav*' eoi'iie tla‘ c«»u<*liisi<»!i that the absorpth'Oi baii^ls of soiiie 

nf tiiPSM lolls ill sofiitiniis are in fair aoTeeiiient with the known, term ditferenee 

of the frf;-e metal 

The ealiei* jiieiisurejiients beiiio- in many eases nut quite satisfaetory, the 
foiiowiiiir 'piee«,‘ uf work was undertakmi with a view to investio*ate the problem 
ill detail on a whim* experiiueiital l>asis. 

The absorption eoeffieients of tie* following- salts in solution were 

liieasured: 

Vri,; NaXh-Oj: K,Or,<);; Cr(.1,.r>H,0 ; MnOL ; KMnO,; i\‘Oh;.hHX) ; 

FeCL ; (oAJhjmS ; \i% ; lluCl , : EhOl:;. I-H .O : PdC1..2H.O ; OsCli ; IrCl^ ; and 

The inetliOil of experimental procedure was the same as adopted by li. 
Samuefk The solutimis were prepared in the usual way in suitable solvents. 
It is thought desirable to add a few remarks about the behaviour and treatment 
of some of the salts. 

VC1;i.‘ — This sulistance was obtained by dissolving VCli in water and leaving 
it for two days. Clihuine was given otf and VC^ was turned into VCh^. 

It has a large hydrolysis and the s<jlutioii contains als<-) V.>0;*. 

— This substance gives a green and a violet solution. Wc have 
es|>eciallv treated the green one. When one mole of the substance is dissolved 
in liNj litres of water, the amount <.)f hydrolysis in the solution is to the extent 
of . The green solution shows an equilibrium between [CrCl{5HoO)] Cl.> 

and j 0i*C'l.»(4H.i0)J Cl ions, while the violet solution, obtained after keeping the 
green solution for some time, shows free Cr'^'^and dCCions. 

FeCL^.hH^O: — It is a yellow very delequesceiit solid soluble in water. When 
I mole of the substance is dissolved in 0.4 litres the amount of hydrolysis is 2/b , 
but it increases with dilution to 07% for one mole in 03.8 litres. The hydroly- 
sis also increases with time, wdiicli seems to indicate the x>resence of Fe (OH);^ 
ions in eollidal form in water and therefore the dilferent measurement can not be 
expected to show g<Hxl agreement. 

UsClii — is strongly hydrolysed in solutions and contains a high percentag(,* 
of OsCb, Therefore the results obtained are uncertain. irCl^ too is strongly 
hydrolysed in solutions. 
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( H .iH: — Th«* aiiKAiiiit of hy4lro|y>fi> for obo in I ti litro,’* 

of 


— Wilful 1 liiolo of tlio suh>l'aiin* is in litr^*?- «'»f 

wator tlin hydruly^^is is* '^1% . 

Y(„’i;;:“is soluble ill water nii tlit* addition of a littlo llf.l. Whei! 1 imoIi* 
iif tlie substiiuec* is dissolved in lO litres of wator tho aiisoiiiit of liydodysis is 
*oro at hyc. 

There is no hydrolysis in the soluti<>ns of NaiVbb and KJ.frJ-K l^it the 
al)sorption speetra <lepends on the acidity of tin* sohiti«n'is, as siiowii by 
Jander’". 

In the ease of RiiCb,; RhCl;;. tHJ,.); Pd(,i.,.*iH J.h tlit* ain^vunt of hy- 

drolvsis is very small. jHiinilar is tht* case of IviMiiOj hut it is sensitive ts> f)rifanie 
impurities. 

Discrssiox 

Tile results olitaiiied are presented in the aceoinpanyin^^ diaj^a'ains and tables 
and we shall proceed to discuss them. Y\e shall treat in detail the results for 
the Chromium Chloride. The different solutions of this salt sliow maxima at 1)69., 

60d, r>27, iW (470 till tlO) and 2SU m/o In order to classify these we make 
use of the two old(*r and more qualitativ'e measurements of Bjerrum*^ and Byke 
and Jaff'e^b These authors prepared different forms of Chromium Chh'>ride with 
different amounts of water of ervstallisiitioii. This enables us to say by com- 
parison of results that the maxima at r)(>9m/< maybe due to the ion lCr + 6HjO)’ . 
wliile those at 6d2m// and (iOom/* are due to (t4*(fl.»-e 4H.T)) or (CrCI 4- oH44|' . 
The maximum at d27 m/) clearly belonits to the violet solution only, Iseiii^ 
stronger— in tlie m/100 and missing in the m/lO solution and can therefore lie 
ascribed to (Cr + or Ch*’* ■ . There remain only the two maxima at 1 10 mu 

and 280 m/t for which we are not able to give a definite classification, Imt wiiich 
wo lielieve belong either to {CrCio+ or ( CrCl 4- 7>H4 . 

If we Compare these maxima with the term <lifferences of the ion 
it is interesting to find that just those maxima wMcli on other and mainly 
chemical grounds we have attributed to the ion (Cr + fiHdbf ’ , agree with the 
lower term differences of the Cr'^Ton. These term differences are those to which 
Saha has already drawn attention vi/ - ‘44- 1501 f cms"'b aud ^F- *11“ 2102 f 
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(.■Ills' ‘ f fill- tilt* I' AVesif .•(iiiq'Hiiient). These eorrespcmd tci the maxima at (irihinK 
(aliout 15,000 and 5 l>7iii/< (aV.out 10000 cms’') the coincidanee beuifi- quite 

satisfactory if it is reiiieiuhered that the ahsi^rptiou maxima in solutions; 
always r.ither diffuse. 

This coincidence was quite expected; but what is more surprising is the 
following relation. The niaxiiua ascribed to (CrCh + 4H.,0) ' or (CrCl -f 5H.-,0)-^ 
eorrespond to the deepest term differences of the spectra of the free Cr+ and 
Cr ions respectively. The ground term of Cr’ is and the next term iij 
only about 12500 cins'‘ higher, so that the band corresponding to this term diffe- 
rence lies in the near infra-red and cannot be observed in our experiments. The 
next term dift'erence, however, '’S - "P is 16800 cnis'’, which agrees very w'ell 
with the maxima at 0:!2 or 0O5ui/( (about 10000 to 16000 cms~'). iSimilarly for 
( 'r- the first term ditt’erences are *F - "D, - "D, and “F - ■'’F with about 19000 

21000, and 08000 cnis'^ respectively. Whereas the emission spectrum of Ci"* 
accounts for two of the six absorption maxima only, the others are all accounted 
for by the term differences of and Cr'. (see Table 1). 


This remarkable coincidence if established, leads ns to certain important 
conclusions. So an attempt at similar correlation was made for the absorption 
maxima of other salts. In this case, however, we meet with a certain handicap. 
Thus in the case of MnCl.. nearly nothing is known about the spectrum of the 
free Mif-' ion. The absorption maximum at 262 m/t (about 38000 cms'i) coin- 
cides very well with the second deepest term difference - 'P= 88806 cms'i 
of MiC, but we are not able to show definitely, for want of data, that it does 
not heh.ng to some deep term difference of Mn^C A solution of KMnO, was 
treated with H.SOi and H;0, to study the absorption spectrum of MnSO.,, This 
curve shows that the maximum at 202 m,« of MnCl, has disappeared in tlie case 
of MnHC,, where there is no possibility any longer for compounds like 
iMnCl + 5H,01b 


In the same way the absorption maxima in the solution of FeCl,.6JS,0, 
corresponds quite well with the Fe' spectrum (See Table IV for deatils)- we 
cannot check the correspondence with Fe'^^ because the latter spectrum is’ not 
analysed. Similar remarks hold good in the case of CoCL,.6H,0, where only 
Co spectrum is known; the first term difference which lies in the visible can be 
found again mthe absorption spectrum of the CoGl.,.0H.,O, but there' is no pos- 

silnhty now of comparing the result with the spectrum. The case of PdCl, 
2TT,,( ) IS similar, (See Table VIP, " 
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Still more iiiteresitinLr the alj>or[>tioii sportnmi 4if XiOLtiH/i, If m’e 
iiieliele the 111 eiNiireiii-^iirs of Drei-^./h*-' in tho [iifni-re<l with s"»iirs we ;see tlui! 
the first four tenii ditfereiiees of Xi ^ are in iH*arly peiiV^-t aoreeiiifeit witli the 
four ulisorptioii iiiaxiiiia e>f XifM-=. But here also tli** ahsr»rptii'ai luaxiiiui eaii!i«>t 
he rjsiripared with tlie sptH'*triiiii of Xi'*' whieh i> !a'»t kiiMwii, iTal^le VTi 

The case of YChiis slmTitly different. This slu;»ws au al)Sorptio]i iriaxiioiiin 
at 2«>r> mn (about t>8()l)Ueiiis“^ I. The ^nvauid term of Y"' is "D; the next teriii 
is ‘‘S beino* TlMhi crus”' lumber the term differeiice oives a lint* in the Infra- 
red; the next higher term is ‘P 'which is 4i40t eiiis“* higher tliaii the 
orouud term. We see, t!ieretV>r(*, that tiie absorption liiaxiiiiuiii at 20o m/i 
can 1)0 indent i'fied satisfactorily with this term diifereiiee. The speetriiiii fd Y'^' 
is not yet analysed, but it can be readily seen that this speetriiiii will be analo- 
gous to that ofRlr* orNa-'b The excitation of Y'’’* i.e. the foiirtli electron 
of Y* means already the excitation of an electron in the next closed shell. So 
the spectrum of Y"’'- wvill have none of its deeper term differences in tlie visible 
or the near ultra-violet. In a certain sense, therefore, the «M»rrelatioii 1)etweeii 
the spectrum of Y' an^lthe absorption maximum Y^Oh, may be said to have been 
directly established, the more so because the small ainoLint of hydrolysis slaovs 
that the spectrum belongs really t<j the YCl;). 

The main results may be summed up as follow^s: — 

(A) The coincidence wdiieh was first pointed out by Saha and later on by 
Bose between the absorption maxima and the term differences of the ions sup- 
posed to be in the solutions in the case of CrCl^.GH/J and YOl;^ is verified by 
these experiments.'^ 

(B) In the case of CrCL..6IIn.O wdiere the spectiirm of Or', Cr-‘, and 

piyir ^11 ij^iiown, we find that there are other maxima of absorption whieh 

coincide with the deepest term differences of Cr'*"^ and Cr% in addition to these 
which correspond to those of Cr'o 

(C) Such coincidences between the absorption maxima and the deeper term 
differences of the ions in less ionised states than are originally supposed to be in 
the solution is also found in the case of MiiCL ; reCl^.dH.O ; CoCL.t)H..O ; XiCL. 

* We are not able to agree with the conclusionB of Bose about the ion, because the 

absorption maximum of TiCb although it agrees with certain term differences of the Ti*^ 

neither of thase two is the ground term. The difference between the deepest of the levels 

and the ground levs is 24 '^olts and it is difficult to believe that the ion can come directly in 

this excited state, 

•> 0 
m « 
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tVff.'l ; YCl;;; aiiil fn these six eases, however, the speetrum of the 

iuii sii|ipf^sed tu he in, the solution are iu,>t analysed and so it is not possible to 
elieek the results. But the miiiiber of eases in whieh we hnd the eoineidenees 
luentiHiied ab4)ve is sulfieiently lari»*e t<» ]>elieve that the eoineidenees ai-e not 

birtiiitous. 


iDl. In tw<* 4»f these six eases, viz. MiiCl., iind YOl.. we have been able t« » 
offer indireet evidenee, inostly eheinieal in the hrst salt and spectral, by estinia- 
tioii or the deepest term dttferenee. in the seeond ease to show that the eoinei- 
denee nienthmed in Kb is rather real. 

With all duo rosornitioiis. thwefoiv. wo foel wo aro jiistifiod in diseiissinir 
ill ilotail snmo of tho ooiisofiuoneos oif theso results. 


Making- use of the qualit-ative measurements of some of the chemists it has 
Ix-en shown that in the case of the solutions of Chromium salts studied, the iou 
(Cr + tmirr'i- e.'chibits uhsornion maxima which corresiKuid to the spectrum of 
Cr'^Mon. Similarly the ions (CrCl + and (CrCl. + 4H.;0)-*- show absorp- 

tion maxima whi<-h 1;)elong to the spectra of Cr"^ and OrC This in itself is an 
interesting fact. In former communications of this series of contribution it 
was observed that the absorption maxim i of e. g. the Hexacyanides of the same 
transition elements shared no such correspondence with the spectra of the free 
metal ions. The present fact may he taken, therefore, as an argument in favour 


of ascribing ditfer.nit kinds of linkage to the genuine complexes like the Cyanid- 
es mentioned and those loose complexes formed by the metal in association with 
the solvent. We shall assume, therefore, that the water in association does not 
affect the absorption of the ion. So in general we may say that the absorption 
maxima of the ion e. g. (MeCl + is really the spectrum of a compound 

(MeCD- V We have now to explain how it happens that the absorption maxima 
of such a com{xmnd (MeCl)^^" correspond to the spectrum of the free ion. 

This we shall do by taking au .example of (MeCl) v We make a plausible 
assumption that molecules of the type (MeCl)- etc. are very unstable. This 
gives us HU explanation which is clear from the following' potential energy 
diagram, connecting the inter-nuclear distances r with the potential ener-y U 
of the molecule m the excited and the unexcited states. The difference between 
this curve and a similar cuiwe for a normal stable molecule is that in this case 

DaudD very much smaller than either the atomic terui differences of the 

dissmation products or the molecular tern differences of the molecule itself. 
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D ttinl D' bpiiig siiiail (iiuiiitities tlicir diffemice 1) - D' will Im* still siiialli-r. 
Tlie siuallpr this qiuiiititv becomes tiie more will la’ - lirM,eiid to be equal. 
Thus it will be clear that the a^a-eemeiit observed, it* definitely »*stablislie<b 
finds an easy explauati<jii. 

The salts contaiiiiiig oxji^^en, viz. XMiiOt, KXh'JJ; aial XaAhdJj, do not 
show aiiv relation to the term ditfereiices of the metal ions concerned. The 
absorption curve of KMiiOj, was also measured by A. Xa^eiibach and R. Percy 
in solution and by K. Schiietzler in s<did state at low tiuoperatures in the visibh* 
re^don of tin' spectrum, and a coinparis<ni of the thrf*e results is shown in tin* 
followintt table.* 


Ha^^enbach cV' Percy fid7(J 5707 5470 5*252 5054 4805 t70l 15 10 42>05 . . . 

Schiietzler ... 55d7 5dl2 ol02 4011 lid5 4o()7 till 

Karim ASaniiiel... 6250 5700 5410 5210 5040 4780 ... 6140 


Hei*e we see that <mr results coincide fairly Avell with the ineasureineiits of 
Hagenbacli and Percy except that some of the niaxima caninjt be traced or that 
they are so nmch ditfnsed in our curve that we cannot trace them with any 
l^reat accuracy. 

K. Schiietzler has shown that at hiw tein[K* rat ores these maxima become 
real bands^ and he treats them as vibrational hands of electronic liand system. 

The figures of the above table have been taken from the paper of Schnetzler. Zn. f . 
Phy. Chem. B. 14, 247, 1931. 
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It if' t«> t.H* 4 m 3ii;iiis iiiuxiiiinij] iis lh<* "mIii- 

tiuii. Appareiitlv in tli«‘ tla^ of th»» iim ‘ sv**r 

vilmiti<,»ii;tl siat«‘< are quite «liife5'«*Ht t'ruiu tlr^^e iu tlie rry-tal at Iiev tieupera- 

t iiri.'h. 

The curv«.‘^ of Na..rrO. aiel IvJ'rJ.h very -^iiuilar. ><» ihat wi^ laa}' 

as^llllle that the iiiaiii altsnrhiiii!' ieii i> >aH!e in hot h ! he ra.^e-, prolmlily 

llCrOj. The Aiifereiiee iu the hei^-lit of the inaxiiua of the two rurve> easi ai>e 
be explained l>y the fact that tlie one <e,aitiiiii< double the iiiunber of C,.h* atrKin^ 
than the* othe*r and lias tiiere*t«»re <]4>uhle the [jroba tality ot toriuiuo y ions. 

These <-urves and f*speeia.]ly the many l.tands of the KMnfb- ^'how le# siiiiilarit} 
with the absorption l>aiids tdther of the simple salts tre;«ted alnu'e 4ir the al'>sor|:t- 
tion bands of the* complex salts treated in laher pa[)er> of thi> ^eri«*s. 
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